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Abstract. Necessary and sufficient conditions under which the Cesaro-Orlicz 
sequence space ces,^ is nontrivial are presented. It is proved that for the Luxemburg 
norm, Cesaro-Orlicz spaces ces^ have the Fatou property. Consequently, the spaces are 
complete. It is also proved that the subspace of order continuous elements in ce.s^ can 
be defined in two ways. Finally, criteria for strict monotonicity, uniform monotonicity 
and rotundity (= strict convexity) of the spaces ce^^ are given. 
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I. Introduction 

As usual, M, M+ and N denote the sets of reals, nonnegative reals and natural numbers, 
respectively. The space of all real sequences x = [x{i))f^^ is denoted by P . 

A map ^: M ^ [0, +°°\ is said to be an Orlicz function if ^ is even, convex, left contin- 
uous on M+, continuous at zero, ^(0) =0 and <^{u) ^ oo as m ^ oo. If takes value zero 
only at zero we will write ^ > and if takes only finite values we will write ^ < °o 

II. 13 17 18 1920|. 

The arithmetic mean map a is defined on by the formula: 

I 

ax = (c7x(/))°li, where ax{i) — - ^ 
Given any Orlicz function <j), we define on Z*^ the following two convex modulars I18I19I 

i=l 
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The space 

ces^ = {x e P : P(|)(Ax) < °° for some A > 0}, 

where is an Oriicz function which is called the Cesaro-Orlicz sequence space. We equip 
this space with the Luxemburg norm 

||x||^=inf{A>0: p^(J)<l}. 

In the case when (j) (u) — \u\i' , I < p < °o, the space ce,?,;, is nothing but the Cesaro sequence 
space cesp (see |5 6 7 14 16 2_1J ) and the Luxemburg norm generated by this power func- 
tion is then expressed by the formula 

ll-^lleesp = 

A Banach space {X,\\ ■ ||) which is a subspace of /" is said to be a Kothe sequence 
space, if: 

(i) for any jc e and y X such that |x(/)| < \y{i)\ for all / G N, we have x and 

ll^ll < Ibll, 

(ii) there isxGX with x{i) ^ for all / e N. 

Any nontrivial Cesaro-Orlicz sequence space belongs to the class of Kothe sequence 
spaces. 

An element x from a Kothe sequence space (X , 1 1 • 1 1 ) is called order continuous if for any 
sequence {x„ ) in X+ (the positive cone ofX) such that x„ < \x\ and x„ ^ coordinatewise, 
we have ||.x„|| ^0. 

A Kothe sequence space X is said to be order continuous if any x £X is order contin- 
uous. It is easy to see that X is order continuous if and only if ||(0, . . . ,Q,x{n + l),x{n + 
2), . . . )|| ^ as n ^ oo for any x G X. 

A Kothe sequence space X is called monotone complete if for any x e X+ and any 
sequence (x,,) in X+ such that x„{i) < x„^i{i) < ■ ■ ■ < x{i) for all / e N and Xn x coor- 
dinatewise, we have ||x„|| \\x\\. 

We say a Kothe sequence space X has the Fatou property if for any sequence (x„) in 
X+ and any x E l'^ such that x„ x coordinatewise and sup„ ||x„ || <o°, we have that xeX 
and ||x„|| \\x\\. For the above properties of Kothe sequence (and function) spaces we 
refer to [12] and [15]. 

We say an Oriicz function (j) satisfies the A2-condition at zero ((p e A2(0) for short) if 
there are K > Q and a > such that (^(a) > and (^(2m) < K^{u) for all u G [0,fl]. 

A modular p (for its definition see |'4"18"191) is said to satisfy the A2-condition if for 
any e > there exist constants k>2 and a > such that p (2x) < kp {x) + e for all jc e X 
with p{x) < a. 

If p satisfies the A2-condition for any a > and e > with k>2 dependent on a and 
e, we say that p satisfies the strong A2-condition (p e Aj for short) (see [4]). 

We say a Kothe sequence space X is strictly monotone, and then we write X e (SM), if 

< llyll for all x,y e X such that 0<x<y and x^y. 
We say a Kothe sequence space X is uniformly monotone, and then we write X G {UM), 
if for each e > there exists 5(e) > such that for any x,y > such that = 1 and 
> £, we have ||x + y|| > 1 + 5(e). 
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Let B{X) (resp. S{X)) be the closed unit ball (resp. the unit sphere) of X. A point 
X G S{X) is called an extreme point of B{X) if for every y, z G B{X) the equality 2x = y + z 
implies y = z- Let Ext B{X) denote the set of all extreme points of B{X). A Banach 
space X is said to be rotund (write (R) for short), if Ext B{X) = S{X). For these and 
other geometric notions of rotundity type and their role in mathematics we refer to the 
monographs 1 1 8 19J and also to the papers I2»3il0ll 11221 . 

We say that m € R is a point of strict convexity of <j) if (j) (^^) < '^W+'^W ^ whenever 
u — and V ^ w. We denote by the set of all points of strict convexity of (p. 

An interval [a.b] is called a structurally affine interval for an Orlicz function (j), or 
simply, SAI of (j), provided that (j) is affine on [a,b] for any e > and it is not affine either 
on [a — e,b] or on [a,b + e]. Let be all the SAIs of ^. It is obvious that 

S^=R\[J{ai,bi). 

i 

2. Results 

First we present necessary and sufficient conditions for nontriviality of ces^j, . 
Theorem 2.1 . The following conditions are equivalent: 

1) ces^ ^ {0}, 

2) 3„,i:^„,.?)(i)<-, 

3) V,>0 3„,.i:=„^,.^)(^)<-. 

Proof. 

(1) (2). Let ^ z e ces^. Since z ^ 0, there exists / e N such that z{l) ^ 0. Hence 
y = (0, . . . ,0,z(Z),0, . . . ) e cesij,, and consequently, x= (0, . . . ,0, 1,0. . . ) £ ces^j,, which 
means that there exists ^ > such that p^{kx) = ^ (^) <°°- We will consider two 
cases: 

L A: > 1. Then for all n we have ^ < ^- From monotonicity of the function ^ we have 
^(^) < for all «. Therefore 

pi}) <p {})<"■ 

So it is enough to take n\ — I. 
2. < ^ < 1 . Then there exists m e N such that ^ < fe, whence ^ < ^ for all « G N and 
so, ir=/ (i;;) < !«=/ ^(^)- Consequently, 



-ml 



ml) \ml-\-\J \ml + (m~\ 



1 \ / 1 



m{l + l)J '^\m{l+l) + l 



',m(/ + l) + (m- 1)) - ^ (m/) (m/. 
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ml J \m{l + l)J \m{l + l) 

Taking «i := ml, we get the thesis of condition (2). 

(2) (3). Assume that there exists n\ such that YJ^=ni ^ («) < °° consider two cases. 

1. < < 1. Then I < i and (^) (i) < I~=„, (/) (i) < oo. Taking := m, we have 

2. A: > 1. Then there exists m € N such that k<m. Defining % := niw, we have 



m \ / m \ m 



nim + l J \nim+{m—l)J \(ni + l)OT 



(ni + l)m+l/ \ («! + l)m+ (m — 1) 



= mri> I — I + OT^ I — - |H =m y (!)(-] <«>. 

(3) (1). Take A: = 1. By the assumption that condition (3) holds, there exists ni e N 
such that Zn=ni ^ {\) < °°- Define x = (0, . . . ,0, 1,0, . . . )• Clearly, jc G /° and 



n=ni " 



Hence x G ces^ . □ 

We will assume in the following that ces^ is nontrivial, that is, conditions (2) and (3) 
from Theorem 2.1 hold. Our next theorem gives some sufficient conditions for the non- 
triviahty of ces^ in terms of some lower index for the generating Orlicz function ^. 
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Theorem 2.2. For the conditions: 

(a) liminf,^o^>l, 

(b) 3g>o3A>o3 Vo<H<Mo <Au 

(c) 3nii:=„,.?.(i)<-, 

we have the implications (a) ^ (b) => (c). 
f roo/ 

(a) (b). Although this implication appeared for example in [9] we will present its proof 
for the sake of completeness. 

By the assumption that Uminf(_>o ^-^^ > 1 we know that there exists t^ such that a := 

info<f <fo %^ > 1 • Then for all < ? < ?o we have that ^ > a, that is, > f . Take 
< A < 1. Then Af < t and so for < r < to: 



It i^{s) 



[' d$ 
a / — , 
Jxt s 



whence 



lnm>ln- 



^{Xt)- {Xt)« 
and consequently 

<|)(A?) <A«(|)(?). 

Let us take t = to- Then, for aU < A < 1, we have <|)(A?o) < (|)(?o)A", so <|)(A;o) < 

^ • (A?o)". If we take e = a - 1, A = ^ and Mo = ^0, we get (b). 

'0 'o 

(b) =4> (c). Take e > 0, A > and mq > such that for all < m < mq, we have (m) < Au^+^. 
Since i there exists ni G N such that - < uq for all n > ni. Therefore, 



1\ ^ ^ 1 



n=ni \"/ n=ni V"/ n=l " 



□ 



Lemma (Fatou property). Ifx € fi, C cei^, sup \\x„\\ < oo an<i < x„ coordinate- 
wise, thenx G ces^ and ||x„|| \\x\\. 

Proof. Assume that Xn € cestj, for all n G N, sup||x„|| < oo and < Xn{i) 1 x{i) for 
each i e N. Denote A = sup„ ||x„||. We know that \\x„\\ < A < oo for all n e N, so 
< ^ < for all n G N. Therefore (x) ^1 since the modular is monotone, 
we get 



P^ [j) < P0 



< 1. 



Then, by the Beppo Levi theorem and the fact that A ^x„{i) A ^x{i) for each i G N, 
we get 
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whence x G ces,j, and | |x 1 1 < A. By the assumption that x^lx coordinatewise and by mono- 
tonicity of the norm, we get sup,, ||x„|| < \\x\\. Therefore, we have ||x|| = sup„ ||x„|| = 

hm„^oc ||jc„I|. □ 

It is known that for any Kothe sequence (function) space the Fatou property impHes its 
completeness (see |17|). Therefore, ces^ is a Banach space. 

Theorem 2.3. Let ^ {x e ces^: V/fc > 03nk '£n=ni, (^I"=i k(OI) < °°}- Then the 
following assertions are true: 

(i) is a closed separable subspace of ces^, 

(ii) A^ — cl{x e cesi^: x{i) ^ only for finite number of i £ N}, 

(iii) A,p is the subspace of all order continous elements of ces^. 

Proof. It is easy to see that is a subspace of ces^ . Next we will prove that A^ is closed 
in cesif, . We must show that if Xm£A,j, for each m G N and x„, ^ x e ces,j, , then x G A^ . Take 
any ^ > 0. We will show that there exists n^- G N such that Lir=«A. (i TIi=i k(')l) < °°- 
Since p^(A:(x — x,„)) for all k> 0, there exists M G N such that p^{2k{x — xm)) < 1- 
Since xm G A,|,, there exists such that {^11,1=1 \xM{i)\) < °°- As we will see, 

we can take = n^. Indeed, 




By the arbitrariness of A: > 0, we get that x G A^, which proves that A^ is the closed 
subspace in the norm topology in ces,j, . 

Now, we will prove assertion (ii). Let us define the set = cl{x G ces^ : x{i) = 
for a.e. / G N}. We will prove that A^ and are equal. 

First we will show that C A^. If — 0, the inclusion C A^ is obvious. So, 
assume that B,|, 0. Take x — (0, . . . , 0, 1 , 0, 0, . . . ) G B||) and k > 0. We have from Theo- 

/—l times 

rem 2. 1 that there exists n^ such that 
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We can assume that nk>l. Hence x e , and so, by the fact that is a Unear subspace 
of ces^, we get the inclusion CA^. 

Now, we will show that A^ c B^. Let x = (xi,X2, . . . ,Xi,x,t+i, . . . ) G A^ and define 
X* = (xi ,X2, . . . ,x;fe, 0, 0, ... ) for any A: € N. Obviously x* e . We will show that (a(x— 
^it)) ^ for each a > 0. Take any a > and e > 0. Since x G A^, so there exists Aq S N 
such that 

n=kQ + l \" i=l ) 

Then for any A: > A:o> 

p^(a(x-x*)) < p^(a(x-x^)) = P0(a(O, . . . ,0,x;fe(,+i,x^+2, • • • )) 

n=ifeo+l \ i=*o+l / 

Next we will prove assertion (iii). Let x G A^ . We will show that x is order continuous. 
Take any A; > and e > 0. Then there exists G N such that i;~=„^ <^ I^"=i 1^(0 1) < f • 
Assume that x^ i coordinatewise and x^ < |x| for all m G N. Denote 



and 




Since Xm i coordinatewise, we get 0^(n) — » as m ^ «> for any n G N. Con- 
sequently, there is mg e N such that L"=i'ctm(n) < f for any m > nig. Moreover, 
J^~=„^ 0^(n) < Ln=«;fc ^('*) < f for n>ni^ and m G N. Therefore p^{kxm) < £ for all 
OT > me, which means that p^{kxm) 0. By the arbitrariness of A: > 0, this means that 

IKlHo. 

Let X G cei^ be an order continuous element. Since 

||(0,...,0,x(n + l),x(n + 2),...)|| ^0 asn^oo, 

so it easy to see that x e cl{x G ces,j,:x{i) = for a.e. / £ N}. 

Finally, we will show that is separable. Roughly speaking, this follows by the fact 
that the counting measure on N is separable and A^ is order continuous. 

Define the set = cl{x e ces^ : x{i) = for a.e. / G N and x(i) G Q} which 
is countable. It is obvious that C B^. Now, we will show that B^ C C^. Let 
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X = (x(l),x(2),... ,x(A:),0,0,. ..) e Bp and Xm = {xm{l),---,Xm{k),0,...) G Q will be 
such that x,„ (;) x{i) as m We will show that ||xm — x|| — > 0. 
Let us take any A > 0. We have 

A(|x(l) -x,„(l)| + |x(2) -x„(2)| + ■■■+\x{k) -x,n{k)\) < 1 

for m large enough. Then by convexity of (p, 

|x(l) -x„(l)| + |x(2) -x„(2)| + • • • + \x{k) -Xmik)\ 



=1 

< A(|x(l) -x™(l)| + |x(2) -x;„(2)| + • ■■+\x{k) -x„{k)\) 

X >;0( - 1 -^0 



n=l 



as m oo. By the arbitrariness of A, we have ||xm — x|| — > as m — > °o. Consequently, 
Bfj, =C^. Since = and the space is separable, we get the separability of A^. 

□ 

Theorem 2.4. If^ e A2(0), thenAp = cesp. 

Proof. We should only show that ces,j, C A^. Let x G ce*^. Then there exists a > 
such that p,),{ax) < °°. We will show that for any A > there exists such that 

Zn=„^(l> (^^l!i=i\x{i)\j < oo. We take only A > a, because for A < a we have 

i:=„, ^ (llLi k(Ol) < L:=«. ^ i^LU k(OI) < - from monotomcity of the function 
<j). Let A > a. By e A2(0), we have that (j) e A/(0) for any / > 1, whence for I := ^ 
there exists k,uo>0 such that (j) (lu) < kcj) (m) for all u < uq. By (ax) < °°, there exists 
such that j T4=\ \ < mq for all n > n;^ . Therefore, 

<kl^j^t\^{i)\]«>o, 

n=nx \ " i=l J 

and the proof is finished. □ 
COROLLARY 2.1. 

If(j) G A2(0), then 

(i) the space ces^ is a separable, 

(ii) the space cesp is order continuous. 

We will assume in the following that the function (j) is finite. We will prove some useful 
lenunas. 

Lemma 2. 1 . For any x G A^ , 

||x|| = 1 if and only ifpp{x) = 1. 
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Proof. We need only to show that ||x|| ~ 1 implies Pij)(x) ~ 1 because the opposite impli- 
cation holds in any modular space. Assume that (j) < °° and take x € with \\x\\ — 1. 
Note that Pij,(x) < 1. Assume that P(|)(x) < 1. Since x EA,j,, we have that p,j){kx) < °o for 
all A: > 0. Let us define the function f{X) — Pif, (Ajc), which is convex and has finite values. 
Hence / is continous on R+ and /( 1 ) < 1 by the assumption that p^{x) < 1 . Then, by the 
continuity of / there exists r > 1 such that f{r) < 1, that is, P(i){rx) < 1. Then ||rx|| < 1, 
whence ||x|| < < 1, a contradiction, which shows that p^(x) = f{l) = I. □ 

Lemma 2.2. If(j)e A2(0), then p^ G Af. 

Proof. Take arbitrary e > 0, a > and p,j,{x) < a. Then p,j,{x) = Y.7=i (•^■^(")) — 
whence (p{(Jx{n)) < a for any « G N. If > is the number satisfying 0(fo) = a, then 
<yx{n) < b for any n G N. Since G A2(0) and < oo, so G A2([0,Z7]), i.e. there exists 
K>Q such that (2m) < K(p{u) for all u G [0,b]- We have 

p^{2x) = £ 0((72x(«)) = £ ^(2ax{n)) 
<kY^ (j){ax{n)) :^kp^{x). 

□ 

Lemma 2.3. Assume that <j) G A2(0). Then for any L> and e > there exists 8 = 
5(L,e) > such that 

\P<^{x+y)-p^ix)\ <e 

far allx,y G cesip with P())(x) < L and P(i){y) < 5(L,e). 

Proof. In virtue of Lemma 2.2 it suffices to apply Lemma 2.1 in 14]. □ 

Lemma 2.4. If (j) G A2(0), then for any sequence {x„) G cesip the condition\\x„\\ holds 
if and only if p^ {x„) 0. 

Proof. It suffices to apply Lemmas 2.2 and 2.3 in ||4l. □ 

Lemma 2.5. If <j) E A2(0), then far any x G cei^, 

||x|| — I if and only if p^{x) = L 

Proof. The result follows from Lemma 2.2 and Corollary 2.2 in O. □ 

Lemma 2.6. If (j) E A2(0), then for any e > there exists 5 = 5(e) > such that \\x\\ > 
1+5 whenever x G ces^ and p^ {x)>\-\- £. 

Proof. The result follows by applying Lemmas 2.2 and 2.4 in □ 

Lemma 2.1 . Let G A2 (0). Then for each £ > there exists 5 = 8(e) such that p^ (x) > 5 
whenever \\x\\ > £. 
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Proof. Suppose for the contrary there exists e > such that for any 5 > 0, there exists x 
such that Pi^{x) < 5 and ||x|| > e. Take 5„ = ^ and the sequence {x„)nefi in ces^ satisfying 
pip (xn) <-ji and ||x„ II > e. Consequently (x„) ^ as n ^ °o. From Lemma 2.4 it follows 
that ||x„ II — > 0, a contradiction finishing the proof. □ 

Lemma 2.8. Ifi^) G A2(0), then \\x„\\ — > <» whenever p^{xn) °°. 

Proof. Suppose ( ||x„ || ) is a bounded sequence, that is, there exists M > such that ||x„ || < 
M for all n e N. Take G N such that M < 2". Then ||x„|| < 2\ whence ||ff || < 1 and 
P0 (^) < 1- Consequently, 0(((7^)(j)) < 1 for all i G N, and then, there exists some 
L > such that (cr^^) (0 < L for all j e N. Since <j) G A2(0) and (j)< oo, (j) e A2i[0,2'-^L]). 
We have for all n G N, 

p^(x„)=p^ (2v|)<rp^(|)<fc^ 

whence p,j,{xn) -/^°°. □ 

Lemma 2.9. If<pG ^2(6), then for any sequence {x„) in cesip, we have 

||x„|| 1 ifandonlyifp^(x„)^l. 

Proof. The implication p^{xn) — > 1 =^ ||x„|| ^ 1 is almost obvious. Namely, we have 
p^{x) < \\x\\ iip^{x) < 1 and ||x|| <p^{x)iip^{x) > 1. Therefore |||x„|| -1| < \pp{xn)-l\ 
and the result follows. Now, assuming that ||x„ || — > 1, we consider two cases: 

1. ||x„|| t 1- From Lemma 2.8 we know that the sequence (p,|,(2x„)) is bounded, that is, 
there exists A > such that p^ (2x„) < A for all n G N. Assume for the contrary that 
p^(x„) 7^ L We can assume that ||x„|| > 5 for all n G N and there exists e > such 
that p^ (x„) < 1 - e for all n G N. Take a„ := -p^^ - 1. Then a„ ^ and a„ < 1. By 
Lemma 2.5, we have 



= p^(2fl„x„ + (l -fl„)x„) <fl„p^(2x„) + (l -a„)p0(x„) 

< a„ ■ A + (I - a„){l - e) ^ 1 - e 

as n ^ 00, a contradiction. 
2. ||x„|| J, 1. Assume that ||x„|| < 2 for « G N and there exists e > such that P(j,(x„) > 
1 + e for all n G N. From Lemma 2.8 we know that there exists B > such that 
P0(2x„) < B for all n G N. By the assumption we have < 1 — < 1, < 2 — 

jjxnjj < 1. The inequality i+a>2forany a >OyieldsO< (l - j^)+{2- \\x„\\) = 

3 — (nj-| + ||x„||) < 3 — 2 = 1 for any n G N. Therefore, we have 

1 + e < p^ (x„) = p^ ( ( 1 - -r^ ) • 2x„ + (2 - ||x„ 



Xn W Xn 



<(^l- ^) p42x„) + (2 - ||x„||)p^ (^^) 

<(i--1-)b+pJ^)^i, 
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because (]|^) = 1 for any n e N and 1 — ^ 0, a contradiction which finishes 
the proof. □ 

Now we will consider mono tonicity properties of A if, and cesifi . 

Theorem 2.5. The space is strictly monotone if and only if <j) > 0. 

Proof. Denote = sup{/ > 0: (^(/) = 0} and assume that > 0. We will show that 
under this assumption there exists x,y G ces^ such that x <y, x and ||x|| = ||j||. We 
define the function /(f) = £^=1 ^ («) fo'"^ — ^- Since a,;, > 0, ^ ^ as n ^ oo and a,fi > 0, 
so L^=i (l>{ji) is convergent for all t G M.+ . Since <^ is a convex function, so / is convex, 
too. Then / is continuous on M+ and f{t ) ^ oo as ? — > oo, whence /(K+ ) = M+ and by the 
Darboux property of / we know that there exists c G R such that /(c) = Y.n=i ^ in) ~ ^• 
Since ^-ti ^ as n — > oo, there exists no such that < a,^. Consider two sequences 
X = (c,0,0, . . .) andy = (c,0, . . . ,0, 1,0, . . .). It is obvious that x 7^ y and x < y. Moreover, 

HQ — 1 times 



Vno + iy 

Since p^{x) = pij>{y) = 1, we have ||x|| = ||y|| = 1, which means that ^ (SM). 

Assume now that = 0, y > x > 0, x ^ y and x,y e A,^. We can assume that ||x|| = 1. 
From Lemma 2.1 we know that p^{x) = 1. In order to show that |[y|] > 1 we need to 
show that Pij, (y) > 1 . Note that (x + y) > (x) + p^ (y) for all nonnegative x, y e A^ . 
Therefore 

P(l>{y)=Pil>{x+{y-x))>p<j,{x)+p,l,(y-x) = l+p,l,{y-x) > 1, 
because of y — x > and (j> >0, whence p^ (y — x) > 0. This finishes the proof. □ 

From the last theorem, we get the following. 
COROLLARY 2.2. 

If the space ces^ is strictly monotone, then (j) >Q. 

Before formulating the next theorem note that (p > whenever ([) e A2(0). 
Theorem 2.6. If<j) g A2(0), then ces^ is uniformly monotone. 

Proof. Let e > and x,y > be such that ||x|| = 1 and ||y|| > e. From Lemma 2.5 we 
have p^ (x) = 1 and from Lemma 2.7 we have that p^ (y) > tj where tj > is independent 
of y. Then 

p^{x + y)>p^{x)+p^{y) > l+Tj. 
By Lennma 2.6, there exists 5 > independent of x and y such that ||x +y || > 1 + 5. 

□ 
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Next we consider rotundity of ces^ . In order to be able to prove criteria for rotundity of 
ces^, we need first to prove the following. 

Lemma 2.10. Let ^ E A2(0) andy,z & S{ces,j,) satisfy ^ G S{ces,i,). Ify ^ z, then there 
exists io € N such that \y{io) \ 7^ k(«o)|- 

Proof. Assume for the contrary that the assumptions are satisfied, >' ^ z and |>'| = 
Then there is i'o gN such that y(io) 7^ z(io), but \y{io)\ = |z(io)|, whence y(io) +z(io) =0. 
Consequently, 

^ii'iU- E i>'(')l + - E 

„=i V\"ieN\{io) "isA'Uio} // 

E \y^^\]^\4i E 

a contradiction which finishes the proof. □ 

Given any Orhcz function <^ with values in M-|- such that ^ (j) < °°' define the 
function 

/(a)=2(^»(a) + £(/»0ay (2.1) 

Since the function is convex, so / is convex as well. By Theorem 2. 1 it has finite values. 
Therefore / is continuous and /(a) — > 00 as a — > <», whence we deduce that there exists 
a e R such that /(a) = 1. 

Theorem 2.7. If (j) € A2(0) then ces^ is rotund if and only if ^ is strictly convex on the 
interval [0, a], where /(«) = 1 and f is defined by formula (2.1). 

Proof. Suppose (j) is not strictly convex on [0,a]. Then there exists an interval [b,c] C 
(0, a) on which <j) is affine. 
Since c < a, we have 



!=3 

Take d>0 such that 



2«<-) + I*(y)<l. 



(=3 



Basic topological and geometric properties of Cesaro-OHicz spaces 473 
Choose bi , c\ such that b <bi <ci <c and 



b\—b<— and c — ci < — . 

By \b + c — bi — ci\ <d, there is A: > Ofor which either + c = bi+ci+koi b + c + k- 
bi +ci. 

Without loss of generahty, we may assume that b + c + k = bi+ci, whence 



(j){b)+(j) 



b+c\ ^^(b+c+k 

1=3 



Take ki>Q such that 



, . , b + c\ fb + c + k\ ^ f b + c + k + kyX 

m+<^[^]+<^[—. — +E'^ =1- (2-2) 



2 y ^ V - / ,=4 V 

Since + c + A: = foi + ci , we have 
Put 

x= (^,c,A,Ai,0,0,...) 

and 

y= (^i,ci,o,Ai,o,o,...). 

By (2.2) and (2.3), we have p^{x) = 1 = p^iy). So, Lemma 2.5 yields x,y G >S(cei0). 
Again, by (2.2) and (2.3) and the fact that (^i is affine on [b, c], we have 



i=4 



b + c + k + ki 



Therefore Lemma 2.5 yields || ^ || = 1, which means that ces,j, is not rotund. 
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Conversely, let x G S{ces^). We need to prove that x is an extreme point. If x is not 
an extreme point, then there exists y%z 6 S{cesi^) such that 2x = y + z and y ^ z. We will 
prove that |y| = |z| and by Lemma 2.10, we will get a contradiction, finishing the proof. 

Since ^ e A2(0), Lemma 2.5 yields that p^(x) = p^{y) = Pipiz) = 1 and 




Thus for each n G N we have 



J}_j^\y{i)\ + m\\_i 



■i=l 



i=l 



(2.4) 



Case I. ^ J^-Lj \x{i)\ < a for each n e N. By condition (2.4) and the fact that (j) is strictly 
convex on the interval [0, a], we have ^ If^i \y{i) \ = ^ I^Li 1^(0 1 for each n e N. Conse- 
quently, \y\ = \z\. 



Case II. There exists n such that ^^LLi 1-^(01 > C"- We claim that there exists only one 
such n. Assume for the contrary that there exists no < ni such that ^ ILlli | > oc and 
;r ^1=\ l-'^i^) I > ^- Th^n ni > 2 and we have 



l=p^{x)>2<l>{a)+ L (^(—)=2<l>{a) + t^(- 

j=ni+l ^ ' ^ 1=1 V"l 

>2<;.(a) + £,^ (^1^) =2<^(a) + £<^ (^^) = 1, 



a contradiction, which proves the Claim. Let no be the only natural number for which 

;4L"=i hoi > «■ As in Case 1, we can prove that ^'£"=1 b(OI = ^I"=i k(OI for each 
n 7^ no. Since (j) = (z) = 1, we get 
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Consequently, \y \ = \z\. This finishes the proof. □ 

Remark 2.1. Note that criteria for rotundity of Cesaro-OrUcz sequence spaces ces^ are 
weaker than criteria for rotundity of OrHcz sequence spaces l^ . Namely, we can easily 
conclude from 1 11 1 that an Orlicz sequence space l^ is rotund if and only if attains 
value 1, G A2(0) and ^ is strictly convex on the interval [0,a] where 0(fl) = which is 
smaller from the interval [0, a], where a is defined by (2. 1). 
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